The hazard function plays an important role in cancer patient survival studies, as it quantifies the instantaneous risk of death of a patient at any given time. Often in cancer clinical trials, unimodal hazard functions are observed, and it is of interest to detect (estimate) the turning point (mode) of hazard function, as this may be an important measure in patient treatment strategies with cancer. Moreover, when patient cure is a possibility, estimating cure rates at different stages of cancer, in addition to their proportions, may provide a better summary of the effects of stages on survival rates. Therefore, the main objective of this paper is to consider the problem of estimating the mode of hazard function of patients at different stages of cervical cancer in the presence of long-term survivors. To this end, a mixture cure rate model is proposed using the log-logistic distribution. The model is conveniently parameterized through the mode of the hazard function, in which cancer stages can affect both the cured fraction and the mode. In addition, we discuss aspects of model inference through the maximum likelihood estimation method. A Monte Carlo simulation study assesses the coverage probability of asymptotic confidence intervals.
Introduction
Patient survival data, the time from diagnosis to death, are frequently modeled by increasing or decreasing hazard rate distributions. However, in some population-based cancer studies, unimodal hazard functions are observed, and it is of interest to detect (estimate) the turning point (mode) of the hazard function since this may be an important measure in the treatment strategies of cancer patients, see [4, 12, 22, 23] . For example, in a study of curability of breast cancer, [18] found that the peak mortality occurred after about three years. [5] analyzed the data from Veterans Administration lung cancer presented by [27] and showed that the empirical rates for both low PS and high PS groups are non-monotonic. Therefore, for situations where the hazard function is unimodal, the patient survival can be suitably modeled by a log-logistic distribution [5] . The log-logistic distribution is the probability distribution of a random variable whose logarithm has a logistic distribution. For this reason, there are many mathematical similarities between the two distributions, as discussed in [24] . Moreover, the properties of the log-logistic distribution make it an attractive alternative to the log-normal and Weibull distributions in the analysis of survival data [9] . Some applications of log-logistic distribution are discussed in economics for modeling wealth and income [16] , hydrology for modeling flow data [3] and medicine for modeling time after a heart transplantation [9] . Properties of the order statistics and recurrence relations for the moments of order statistics from the log-logistic distribution are studied in [1, 2, 28] , among others. Recently, [29] considered the problem of model selection/discrimination between lognormal, Weibull, and logistic distributions.
A difficulty arises when part of the population is not susceptible (or immune or longterm survivors) to the event of interest. For example, in population-based cancer studies, patients may respond favorably to treatment by being considered 'statistically cured'. The proportion of such a fraction of patients that is not susceptible to the event of interest is generally referred to as the cured fraction. This is of interest to patients and is a useful measure for monitoring curable cancer survival trends [17] . Models incorporating immune survivors into their structure are known in the literature as cure rate models or long-term survival models. The most popular cure rate model is the standard mixture model introduced by [7] and later detailed by [6] . In this model, it is assumed that a certain proportion of patients are cured, in the sense that they do not present the event of interest for a long period of time and can be seen as immune to the cause of failure under study. The book by [19] presents a broad discussion of the frequentist inference methods for this model.
The main objective of this paper is to consider the problem of estimating the mode of the hazard function of patients in different stages of the uterine cervical cancer lifetime data introduced by [21] when cure is a possibility [11] . To this purpose, a mixture cure rate model is proposed using the log-logistic distribution. The model is conveniently parameterized through the mode of the hazard function, in which cancer stages can affect both the cured fraction and the mode. In addition, we discuss aspects of model inference through the maximum likelihood estimation method.
We organize the rest of the paper as follows: the uterine cervical cancer data set is described in Section 2. Section 3 is dedicated to model formulation. In Section 4, we discuss the maximum likelihood estimation of the model parameters. In Section 5, we carry out a Monte Carlo simulation study to demonstrate the performance of the proposed estimation method through calculated root mean square error, and coverage probability and width of the asymptotic confidence interval when small or moderate sized samples. In Section 6, the goodness-of-fit of the model to the uterine cervical cancer data is investigated. Finally, some concluding comments are mentioned in Section 7.
The uterine cervical cancer data
Uterine cervical cancer is one of the leading causes of death from cancer in the female population worldwide, mainly in the less developed regions, where 83% of all cervical cancer incidence and 86% of mortality occur [26] . In Year 2015, around 320,000 new cases are expected worldwide, increasing to 435,000 by 2030 [14] . In Brazil, public policies in this area have been developed since the mid-1980s and were driven by the Live Woman Program in 1996. Cervical cancer control is now a priority on the country's health agenda and Maller and Zhou [21] conducted a population-based retrospective cohort study of incident cervical cancer cases diagnosed at the Santa Rita de Cassia Hospital/Women's Association for Cancer Education and Control (HSRC/AFECC) in Espirito Santo, Brazil, January from 2000 to December 2005, in order to analyze the survival of these women and to describe the associated prognostic factors. In this study, the original sample consisted of 964 patients; among the variables collected, only the initial stage of the tumor and the region of origin of the patient presented statistically significant differences in survival curves. However, in this article, the region of origin of the patient will be discarded from the analyses due to the unreliability of the information collected and, in addition, 12 women were removed because the tumor staging data were absent. Thus, the data show survival times, representing the time in months to the patient's death or the censorship time. The percentage of censored observations was 57%. The observed time (T) varies from 1 to 131 months (mean = 57.95 and standard deviation = 41.17). We considered the tumor stage as covariate (x) (premature (stages I and II), n = 488 (69.2% censored); late (stages III and IV), n = 464 (43.0% censored).
In order to identify hazard function shape of uncured patients, a smooth estimate of the hazard function for censored data was constructed using the method proposed by [25] ( Figure 1 (left panel) ). We consider the software R through the muhaz function of the muhaz package [13] to calculate the hazard function estimate. Then, based on Figure 1 (left panel), it can be inferred that for premature and late stages, hazard functions are unimodal. The Kaplan-Meier estimate of tumor stage stratified survivor function in Figure 1 (right panel) leveled over 0.38. This behavior indicates that models that ignore the possibility of cure will not be suitable for this data.
Log-logistic cure rate model
The log-logistic distribution with parameters α > 0 and λ > 0 considers that lifetime T have density and survival functions, respectively, given by
where α and λ are the scale and shape parameters, respectively. The corresponding hazard function is given as
The shapes of hazard function of the log-logistic distribution are: (i) decreasing if λ ≤ 1; and (ii) unimodal with the mode at t = α(λ − 1) 1/λ when λ > 1.
Remark 3.1:
Undoubtedly, in many applications of lifetime data analysis, it is important to perform inferences about the mode of the hazard function since this may be an important measure in the treatment strategies of cancer patients, for example. Thus, considering the log-logistic distribution, Mazucheli et al. [23] consider the problem of estimating the mode of the hazard function. However, they did not address the presence of covariates and longterm survivors in modeling, which is the situation presented in the data set of Section 2. Now, with the Remark 3.1 in mind, we build the log-logistic model in order to accommodate covariates and long-term survivors. Thus, following [20] , the mixture cure rate model assumes a decomposition of the lifetime T as
where T * denotes the lifetime of a susceptible patient and η indicates, by the values 1 or 0, whether the patient is a susceptible or long-term survivor, independently of T * . Let p 0 = Pr(η = 0) ∈ [0, 1], denote the proportion of patients cured, i.e. the cure fraction. Then, the survival function of T, S pop (t), is given by
where S(t) = Pr(T * > t) is a proper survival function (with S(∞) = 0). We assume that lifetime T * follows a log-logistic distribution, and under this setup, the survival function (4) is given by
The corresponding hazard function has the following form which has its maximum value at
when λ > 1. Figure 2 shows plots of the hazard function (6) for some values of the parameters. Now, considering reparametrization
, we propose to relate the mode t * to a vector of covariates x T = (1, x 1 , . . . , x k 1 ) by considering logarithmic link, log(t * (β, x) 
T is an unknown vector of regression parameters (coefficients of covariates) to be estimated. This parameterization is advantageous because it allows us to think about the role of covariates acting directly in the mode within a familiar structure provided by the logarithmic link. Completing our model, we also assume that the cured rate p 0 could be related to a vector of covariates z T = (1, z 1 , . . . , z k 2 ) by considering a logistic link, p 0 (η, z) = exp{z T η}/(1 + exp{z T η}), where η = (η 0 , η 1 , . . . , η k 2 ) T is a vector of unknown parameters. It is noteworthy that the vectors of covariates x and z, as often happens in practice, can be the same, i.e. x = z.
For a fixed x and z, the corresponding survival and hazard functions are, respectively, given by S pop (t; λ, β, η, x, z (7) and h pop (t; λ, β, η, x, z 
We refer to the model in (7) or (8) as the log-logistic cure rate model or simply the LLCR model.
Estimation of the parameters
Let us consider the situation when the lifetime T is not completely observed and is subjects to right censoring. Let C denote the censoring time. In a sample of size n, we then observe t i = min(T i , C i ) and δ i = I(T i ≤ C i ), where δ i = 1 if T i is a complete lifetime and δ i = 0 if it is right censored, for i = 1, . . . , n. Assume that for each i, two vectors of covariates x T i = (1, x i1 , . . . , x ik 1 ) and z T i = (1, z i1 , . . . , z ik 2 ), both may share common components, independent of T i are available. With expression (7) and (8), we can write the likelihood of ϑ = (λ, β, η) T under noninformative censoring as
where D = (t, x, z, δ), t = (t 1 , . . . , t n ) T , x = (x 1 , . . . , x n ) T , z = (z 1 , . . . , z n ) T and δ = (δ 1 , . . . , δ n ) T . As described in [8] , from the likelihood function in (9), maximum likelihood estimation for the parameter vector ϑ can be implemented via direct numerical maximization of the log-likelihood function (ϑ; D) = log L(ϑ; D) which can be accomplished using Quasi-Newton algorithm of subroutine optim(·) of the R software [30] . Specifically, we consider here the 'L-BFGS-B' algorithm which is presented by [32] as a limited memory algorithm to solving large nonlinear optimization problems subject to simple bounds on the variables. They also indicate this algorithm for problems in which information on the Hessian matrix is difficult to obtain or for large dense problems. The computational program is available from the authors upon request.
As sample size grows, maximum likelihood estimators exhibit some special characteristics that are asymptotically optimal. Following [10] under certain conditions of regularity, maximum likelihood estimators are asymptotically unbiased and efficient. That is, its bias tends to zero and its variances reach the lower limit of Cramer-Rao as the sample size goes to infinity. In addition, its distribution converges to normal with the variance-covariance matrix given by the inverse of the Fisher information matrix. Thus, the inference about unknown parameters may be based on the asymptotic normality of maximum likelihood estimators. Given this, we present an approximate method for constructing confidence intervals (CIs) for ϑ using these properties of maximum likelihood estimators for large sample sizes.
Let us first denote the (expected) Fisher information matrix of ϑ by
Since the expected information matrix is very complicated due to the censored observations (censoring is random and noninformative), we resort to the observed Fisher information matrix of ϑ obtained in the form
evaluated at the maximum likelihood estimator ϑ = ϑ, which is a consistent estimator of I E . The required second derivatives are computed numerically. The multivariate normal N k 1 +k 2 +3 (0, I −1 O ( ϑ)) distribution can be used to construct asymptotic CIs for the parameters. In fact, an 100(1-γ )% asymptotic CI for each parameter μ is given by
where Var(·) is the diagonal element of I −1 O ( ϑ) corresponding each parameter (μ = λ, β 0 , β 1 , . . . , β k 1 , η 0 , η 1 , . . . , η k 2 ) and z γ /2 is the quantile (1 − γ /2) of the standard normal distribution.
Simulation study
This section presents the results of a small Monte Carlo simulation study conducted to verify the properties of maximum likelihood estimators. Here we focus on the mean squared error and on the coverage probability and widths of the asymptotic CIs. All results were obtained from 1000 Monte Carlo replications and the simulations were carried out using the R-software [30] . In each replication, the lifetimes denoted by T 1 , . . . , T n were generated from the LLCR model in Equation (7) with a binary covariate x i and the censored times C i , i = 1, . . . , n, were generated from a uniform distribution U(0, τ ), with τ controlling the percentage of censoring observation, through the following steps: Step 1 Generate the covariate x i of a Bernoulli distribution with parameter 0.5;
Step 2 Draw u i ∼uniform(0,1);
Step 3 If u i < p 0 (x i ), let t i = ∞; otherwise,
Step 4 Draw c i ∼ U(0; τ i );
Step 5 Let y i = min{t i , c i };
Step 6 If t i < c i , let δ i = 1; otherwise, δ i = 0, for i = 1, . . . , n.
The log-likelihood function was numerically maximized using the L-BFGS-B algorithm. The true values of the parameters used in the generation process are the estimates obtained from the application, i.e. λ = 1.631, β 0 = 2.452, β 1 = −0.462, η 0 = 0.606 and η 1 = −1.090. Thus, the turning point of the hazard function for the two levels of the covariate x are t * (x = 0) = 11.608 and t * (x = 1) = 7.312, while the cured fraction are p 0 (x = 0) = 0.647 and p 0 (x = 1) = 0.381, respectively. Table 1 lists the mean maximum likelihood estimates of the five parameters of the LLCR model, the corresponding root mean squared errors (RMSEs) and the empirical coverage probabilities (CPs) of 95% and average widths of the asymptotic CIs when n = 50, 100, 200, 300. The results in Table 1 indicate that: (i) the RMSE and widths of CIs of the maximum likelihood estimators of λ, β 0 , β 1 , η 0 and η 1 decreases as sample size increases, as expected; (ii) for λ, β 0 , β 1 , η 0 and η 1 fixed, the empirical CPs are closer to the nominal levels when n increases. We also used other combinations of parameters, however, the behavior of the parameter estimation procedure does not present any relevant differences compared to the results in Table 1 .
Application to the uterine cervival cancer data
In this section, we fit the LLCR model to the uterine cervival cancer study described in Section 2 with
where x i is the tumor stage of the i-th patient. Table 2 shows the maximum likelihood estimates of the coefficients of the LLCR model along with the standard errors and 95% CIs. In order to obtain a more visual representation of the fit of the model for the data, Figure 3 (left panel) shows plots of the Kaplan-Meier estimates for the survival function against the respective predicted values obtained from the LLCR model (results from Table 2 ). Clearly, we observe from Figure 3 that the predicted values obtained from the LLCR model are those closest to the empirical values, suggesting that these model give a satisfactory fit to the data. Additionally, the hazard curve estimated by LLCR model is presented in Figure 3 (right panel). Finally, we deal with the estimation of the mode of the hazard function (t * ) and cured fraction (p 0 ); thus, using the estimates in Table 2 , the logarithmic link functions in Equation (14) and the delta method [31] , we obtained the point estimates, standard errors and 95% CIs for the mode and cured fraction, and these results are presented in Table 3 . For each selected value of the tumor stage, the intervals do not overlap, thus highlighting the impact of the tumor stage on the mode of hazard function and cured fraction.
Concluding remarks
In the present article, we have particularly addressed the problem of estimating the turning point of the hazard function of women in different stages of the uterine cervical cancer when cure is a possibility. In this context, a mixture cure rate model was proposed using the log-logistic distribution, called by LLCR model, which has been re-parameterized in terms of the mode of the hazard function. In addition, the effect of cancer stages on the cure rate was also studied. Maximum likelihood inference is implemented straightforwardly and the simulation studies developed indicate that asymptotic theory may be considered for generating CIs for the parameters. We conclude that the cancer stage is significant prognostic factor for determining the turning point of the hazard and cure rates in women with uterine cervical cancer.
